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Abstract 

 Novel methods are provided for calculating a model-based Area Under Curve (MB-

AUC) using exact solutions in the study of delay discounting. The exact solution approach 

provides an AUC ratio with neither the need for numerical methods nor access to the original 

delay discounting data. This approach permits a calculation of MB-AUC that can be derived for 

both current and retrospective discounting analyses using a fitted model (e.g., k, s) and 

corresponding study parameters (i.e., range of delays). Simulated comparisons of numerical 

integration and exact solutions revealed that both approaches provided essentially identical 

results. The exact solution method is reviewed and demonstrated to support a comparison of 

results from various delay discounting analyses, including the empirical point-based Area Under 

the Curve (PB-AUC). Re-analyses of published study data revealed that the results of varying 

discounting analyses yielded similar MB-AUC ratios across groups, even as analyses and study 

parameters varied. The MB-AUC measure is discussed as an approach for addressing the unique 

challenges present when synthesizing the results of discounting studies that have used a mixture 

of modeled and empirical measures. 

Keywords: delay discounting, decision-making, integral calculus, exact solution  

 

Public Significance Statement: The methods included in this work provide an extension and 

simplification and prior analytical strategies. The approach outlined in this work supports meta-

analytic syntheses of decision-making research across various domains (e.g., substance use, 

clinical disorders).  
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Introduction 

Choice and decision-making are long-standing areas of interest in the applied behavioral 

sciences (Bickel et al., 2015; Odum, 2011). Research in this area investigates how individuals 

arrive at specific choices—especially when optimal choices are disregarded in favor of lesser or 

“risky” options. Temporal, or delay, discounting refers to how the perceived value of some item 

or event varies as a result of its distance from the present (Ainslie, 1975, 1974; Chung & 

Herrnstein, 1967). Delay discounting has been used extensively to understand “unsafe” and 

“impulsive” choices, and discounting has been considered a trans-disease phenotype (Mitchell, 

2019). Much research is dedicated to delay discounting demonstrated by users of substances 

including opioids (Karakula et al., 2016), methamphetamines (Hoffman et al., 2006), cocaine 

(Johnson et al., 2015), cigarettes (Weidberg et al., 2017), and alcohol (Adams et al., 2017; 

MacKillop et al., 2010; Moore & Cusens, 2010). Research has also explored how delay 

discounting can affect more commonplace but potentially risky outcomes, such as automobile 

accidents (Freeman et al., 2017), condom use (Johnson et al., 2016), driver errors (Romanowich 

et al., 2020), obesity (Amlung et al., 2016), texting while driving (Hayashi et al., 2018) and 

gambling (Dixon et al., 2003; Madden et al., 2011).  

Beyond pathological and “risky” choices, the delay discounting framework has also been 

used to better understand how choices in dating (Jarmolowicz et al., 2015), parenting (Call et al., 

2015; Gilroy & Kaplan, 2020), dieting (Appelhans et al., 2012; Barlow et al., 2016), care for the 

environment (Arbuthnott, 2010; Berry et al., 2017; Carson & Roth Tran, 2009; Hardisty & 

Weber, 2009), credit card use (Fagerstrøm & Hantula, 2013) health management (Chapman, 

2002), helping cyberbullying victims (Hayashi & Tahmasbi, 2020) and job selection can be 

affected by delays (Schoenfelder & Hantula, 2003). Delay is an important part of most decisions, 
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both pathological and every day. Humans are temporal creatures, and we cannot understand 

human decision-making without understanding the effects and implications of delays. 

Measuring and Analyzing Individual Delay Discounting 

Research on delay discounting in both “risky” and every day decision-making has often 

been assessed using one of two experimental methods—by varying the size of rewards or by 

adjusting delays (Odum, 2011). In both approaches, the objective has been to determine a point 

where a participant is indifferent to the inequality between a more Smaller, Sooner Reward 

(SSR) and a Larger, Larger Reward (LLR; Critchfield & Kollins, 2001). This point represents an 

instance where some individual values a more immediate SSR equal to, or greater than, a more 

delayed LLR (Ainslie, 1974). Termed a point of indifference (POI), this value represents a point 

in which the presence of some delay (or probability) has resulted in a participant selecting the 

SSR over the LLR (Critchfield & Kollins, 2001; Odum, 2011). Both in-vivo and hypothetical 

forms of these tasks exist, with good support that hypothetical decision-making tasks correlate 

with their real-world equivalents (Lagorio & Madden, 2005; Madden et al., 2003, 2004). These 

tasks have also been found to have good test-retest reliability (Smith & Hantula, 2008). In sum, 

discounting research has largely focused on these SSR/LLR comparisons and the overarching 

methodology for performing them has remained largely consistent since the adjusting procedure 

was proposed (Mazur, 1987). 

Although the methods for obtaining POIs have remained consistent, many approaches 

have been put forward to quantify and compare these data (Doyle, 2013; McKerchar et al., 

2009). As indicated in reviews, the range of methods used to analyze individual choices is 

considerable (Amlung et al., 2017; Barlow et al., 2016, 2017; MacKillop et al., 2011; Reynolds, 

2006). For example, MacKillop et al. (2011) surveyed the literature on addictive behavior and 
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delayed reward discounting (DRD; i.e., temporal discounting) and found good support for using 

a variety of discounting methods to discriminate between clinical groups and controls. Of the 64 

studies included in this review, 70% of studies fitted the Hyperbolic model (Mazur, 1987), 14% 

used the point-based Area Under the Curve procedure (PB-AUC; Myerson, Green, & 

Warusawitharana, 2001), and the remainder used some other empirical measure based on the 

data (e.g., Impulsive Choice Ratio). Although the numerous approaches used in these studies 

were effective in discriminating clinical groups from controls, the varying approaches complicate 

the overall synthesis of these findings. As noted by MacKillop and colleagues, “It is plausible 

and probable that such assessment parameters are differentially well suited for examining DRD 

(delayed reward discounting) and addictive behavior and a profitable target for future studies 

would be clarifying the more sensitive measures (p. 316).” 

Throughout the temporal discounting literature, discounting processes have often been 

quantified using a mix of modeled (i.e., statistical) and empirical (i.e., un-modeled) approaches. 

Within the methods using statistical modeling, researchers have often employed model fitting 

and reported individual discounting as fitted parameters (e.g., Mazur’s Hyperbolic k). These 

values are generally reported normally or in some transformed state (e.g., logarithmic, natural 

logarithm, square root). Frequent use of these measures is understandable, as model parameters 

often have good statistical properties following some method of transformation (Mitchell et al., 

2015; Yoon et al., 2017). Alternatively, researchers can use the empirical PB-AUC method 

introduced in Myerson et al. (2001) to geometrically represent POIs as the area beneath a 

trapezoidal interpolation of a series of points comprising a delay curve. In both modeled and 

empirical approaches, these methods have been used to represent how steeply or rapidly 

individuals advance from optimal decisions to more “impulsive” ones. That is, larger k values 
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(Mazur, 1987) and smaller PB-AUC measurements (Myerson et al., 2001) are indicative of 

greater discounting. While both methods can be used to compare degrees of discounting, it 

warrants noting that each approach quantifies discounting differently and that these differences 

limit the degree to which they can be compared directly. 

As a related but distinct set of methods, modeled discounting processes are also analyzed 

in ways that facilitate generalized comparisons across models. First, discounting can be 

represented using some shared ordinate of interest, such as the midpoint between a starting value 

(i.e., the full value of commodity) and zero on the y-axis (i.e., 50% decay). The Effective Delay 

50 (ED50; Yoon & Higgins, 2008) can be used across instances of modeled discounting because 

it solves for some value on the x-axis (i.e., delay) where a discounting process arrives at 50% of 

its original value. This approach allows for comparisons when models vary and can be used as a 

general index of how rapidly the value of some good was discounted. Using the ED50, smaller 

values would indicate that discounting occurred more rapidly while larger values would indicate 

that discounting took place less rapidly. 

Second, discounting processes can also be interpreted based on their form between two 

bounds of interest (i.e., first and final delay). Rather than solving for a single point, such as with 

ED50, the emphasis here is on the full range changes between two points in time. Using 

integration, a fitted discounting process can be represented as the amount of area beneath it 

between two points in time (i.e., the first and final delay). Whereas the empirical PB-AUC 

approach summarizes the area between linearly interpolated data points, the model-based AUC 

(MB-AUC) approach represents the area beneath an instance of modeled discounting (Gilroy & 

Hantula, 2018). In the MB-AUC approach, integration is performed upon the fitted discounting 

curve, rather than the data itself. Similar to the ED50, the MB-AUC measure can also be applied 
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and interpreted across various discounting models. The MB-AUC process can also be scaled in 

multiple dimensions, consistent with the suggestions in Borges et al. (2016). In sum, the MB-

AUC and PB-AUC measures are highly similar in their interpretation and MB-AUC provides a 

good basis for making comparisons between modeled and PB-AUC. 

Comparing Discounting Measures 

Relationships between modeled, empirical, and generalized measures of discounting have 

historically been complex (Mitchell et al., 2015; Yoon et al., 2017). For modeled measures, 

varying model structures and parameters make comparisons challenging and/or inappropriate 

when the models applied are not identical. That is, individual rate parameters (e.g., k, s) from 

differing models cannot be equated to one another due to varying model structures, and 

incorporating additional parameters further complicates such comparisons. Similarly, empirical 

measures such as PB-AUC are difficult to compare when the data included vary in number and 

the range of delays sampled. For example, PB-AUC constructed using delays between 1 and 

2160 days cannot be directly compared to a PB-AUC measure constructed with delays between 1 

and 4320 days. In such cases, PB-AUC would very likely be much lower for the 4320-day delay 

series because it would account for assumed higher levels of discounting at greater delays that 

would not have been represented in the 2160-delay series. 

Although conceptually neutral, the PB-AUC calculation is bound by the design of the 

experiment and/or the data supplied1. As illustrated in Figure 1, the PB-AUC ratio is 

substantially influenced by the range of delays. That is, broader ranges of delays are more prone 

to deflating PB-AUC. For example, the discounting series depicted in the top panel of Figure 1 

 
1 We make note that PB-AUC is occasionally comparable to other PB-AUC with differing ranges when certain data 

can be removed, often the first or final points, and the remaining are matched in count and range. However, the 

removal of suitable and appropriate data may unintentionally truncate variance of interest to the researcher and this 

is generally undesirable. 
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portrays a series wherein no further discounting is observed following a delay of 3650 days (10 

years). Discounting is assumed to be unchanged at further delays of 20 and 40 years. Despite no 

further observed discounting past a delay of 10 years, the proportion of the area is increasingly 

deflated as the range of delays increases. The result of the increasing delay range is a proportion 

in which the area under the curve continues to grow less rapidly while the maximum area 

possible increases linearly. As such, larger delay spans will nearly always result in smaller AUC 

ratios (see the middle and bottom panels of Figure 1). Because of this limitation, one PB-AUC 

may be smaller than another PB-AUC not due to increased rates of discounting, but rather the 

design of the experiment and the range of delays from which that quantity was derived. 

Given that modeled and empirical discounting methods represent discounting differently, 

both approaches must be interpreted separately. This makes good sense, as each metric 

represents discounting differently (e.g., rate, area). However, the characteristics of the newly 

developed MB-AUC offer a new avenue for representing modeled discounting in novel ways. 

First, as a measure of area, MB-AUC represents the area under a modeled discounting process 

between two points in time (i.e., from 1 day to 5 years). It is an area ratio much like PB-AUC but 

derived from a fitted discounting process rather than points of data. Unlike PB-AUC, MB-AUC 

is free from the constraints of the data and can be calculated with any two delays of interest—it 

is not bound to the data supplied as in PB-AUC. That is, it can be adapted as necessary 

depending on the delays of interest. In all other ways, it is essentially the same manner of area 

calculation so long as the range of delays is kept the same. 

Second, MB-AUC is a proportion of area beneath a discounting process between any two 

bounds of interest. This contrasts with PB-AUC, where the area can only be calculated between 

delays that are directly measured. The MB-AUC method allows for the calculation of area 
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between any two delays (e.g., first delay, last delay, 10 years). For example, a researcher may 

have fitted a model to several POIs between delays of 1 day and 8640 days but still perform use 

the MB-AUC method to calculate an index of discounting between delays of 1 day and 4320 

days—or nearly any other unmeasured delay. Researchers do not need to remove data from 

consideration to adjust the range of delays represented in the analysis, as the model itself is what 

is integrated. This quality of MB-AUC is desirable because it can be adapted to situations when 

other measures, such as PB-AUC, are bound to specific delay values and cannot be directly 

compared beyond them. For example, a researcher may use MB-AUC as an intermediary when 

comparing a well-performing instance of modeled discounting (e.g., Mazur’s Hyperbolic k) to an 

instance of empirical discounting (i.e., PB-AUC) and this comparison can be performed even 

when the original delay points differ2. This can be done by applying the bounds from the PB-

AUC calculation to the modeled discounting process, using MB-AUC. In doing so, MB-AUC 

shares the same domain as the PB-AUC analysis and the area represented in both analyses 

reflects the same maximum possible area. That is, differences between the two analyses would 

be from the degree of discounting observed and free from the potential error resulting from 

comparing AUC with differing delay ranges. 

All commonly used methods for calculating POI can distinguish between clinical and 

non-clinical samples. However, as research in delay discounting further includes non-clinical 

samples and questions about more quotidian behaviors that may not yield the same stark 

differences, more sensitive indices are needed, as MacKillop et al. (2011) assert. Further, there is 

growing interest in using meta-analytic and other quantitative techniques to summarize 

 
2 We make a note here that PB-AUC and MB-AUC are similar when the modeled discounting process represents the 

observed data well. The MB-AUC metric is an integration of the fitted model and the result is a measure as 

representative of the data as the model supplied. 
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behavioral literature (Dowdy et al., 2021, 2022). Such analyses require dependent variables on 

similar scales that can be readily compared, which is not the case for most discounting measures. 

Hence, the absence of a comparable metric may represent a significant barrier to advances in 

delay discounting research. 

Exact Solutions for Model-based Area 

 The original MB-AUC method put forward by Gilroy et al. (2018) used discounting 

model selection and numerical integration to determine an area ratio from delay discounting data. 

Numerical integration, the original process for calculating MB-AUC, is an iterative process 

whereby a very large number of area segments are constructed to numerically approximate the 

area beneath a discounting function. Through a process of constructing many very small area 

segments, the degree of error decreases to a point that a final area calculation is approximate to 

the true, or exact, solution3. Numerical integration can be performed by many statistical 

packages, including the Discounting Model Selector computer program (DMS; Gilroy, Franck, 

& Hantula, 2017; Gilroy & Hantula, 2018) and other statistical packages (e.g., Gilroy, 2022). 

Solving for the area beneath a discounting process can be done in other ways as well even 

without access to source data. Although MB-AUC can be determined using numerical 

integration, it can also be determined via exact solutions. 

In contrast to numerical integration, the area beneath a fitted function between two 

bounds can be solved analytically using integral calculus. Such methods are regularly used in the 

application of Bayesian methods, such as in the determination of probability density. This 

approach, the exact solution for MB-AUC, requires only the model, fitted parameter(s), and two 

 
3 When we speak of exact solution, we are referring to an analytic or symbolic solution. This is in contrast to a 

numerical solution, wherein a solution is iteratively updated in efforts to decrease error to very low levels, and thus, 

approach the analytic solution. 



EXACT DISCOUNTING SOLUTIONS 

 

11 

bounds of interest to perform. Access to the source data is not required because the necessary 

information is contained in the fitted model parameters and is bounded by the delays of interest. 

In doing so, the solution does not need to approximate the area numerically because it can be 

solved symbolically. Exact solutions for calculating MB-AUC exist for the Exponential 

(Samuelson, 1937), Hyperbolic (Mazur, 1987), Quasi-Hyperbolic (Laibson, 1997), Green-

Myerson (Green & Myerson, 2004), and Rachlin (Rachlin, 2006) discounting models and these 

calculations are provided in the Appendix of this paper. Using these solutions, which are 

generally calculable using basic spreadsheet software4, MB-AUC can be derived using only the 

fitted parameters from discounting analyses. As such, exact solutions for calculating MB-AUC 

allow researchers to easily construct an area-based representation of modeled discounting across 

varying models and delays using only the model, the fitted parameter(s), and two delay points of 

interest. These data are typically reported in peer-reviewed works, so researchers can also use 

this approach to facilitated comparisons between experiments using this newer method. 

The process of solving for the exact solution MB-AUC requires the maximum value of 

the commodity (A), the first delay of interest (T1), the final delay of interest (T2), and the 

respective model and fitted parameter(s). Using these values, the area between T1 and T2 can be 

solved using the integral between T1 and T2. By subtracting the initial area from the final area, 

the resulting difference represents the total area under the curve between T1 and T2. Once divided 

by the maximum possible area (i.e., the span between T1 and T2 multiplied by A), the result is the 

ratio of the area beneath the discounting function to the maximum possible area—consistent with 

the interpretation of PB-AUC and MB-AUC. Exact solutions for each of the models described 

above are provided in the Appendix and scripts for demonstrating how to apply these solutions 

 
4 Although the exact solutions provided are generally calculable in basic software, models such as the Rachlin 

hyperboloid model require specialized methods that are likely limited to proper statistical and mathematical tools.  
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have been provided for the R, Python, and Matlab software suites for convenience and 

replication. 

 Although methods such as numerical integration already exist for determining MB-AUC, 

exact solutions for MB-AUC add to the tools available to discounting researchers in several 

ways. First and foremost, these solutions allow researchers to easily convert a fitted discounting 

function directly into an area proportion. That is, researchers can easily convert existing 

discounting results into MB-AUC even when discounting models vary, and it can be done 

without access to the original data. This allows for re-analyses of existing study results, where 

the source data may not be available but modeled and empirical measures are reported. Second, 

the exact solution MB-AUC allows researchers to make a comparison of modeled and empirical 

discounting studies. For example, consider the following situation; a researcher may wish to 

compare the results from three similar studies that indexed individual discounting differently. 

For the sake of convenience, these will be referred to as Studies A, B, and C. In Study A, the PB-

AUC method was used on data with delay points of 7, 14, 30, 183, 365, and 1825 days and this 

produced a group mean PB-AUC of 0.677. Study B modeled individual discounting using 

Mazur’s Hyperbolic model to data with delay points of 1, 7, 14, 30, 183, 365, 1825, and 9125 

days. The k value fitted to the group data was 0.002357. Lastly, Study C modeled individual 

discounting using the Green-Myerson Hyperboloid model to data with delays of 1, 7, 14, 30, 

183, and 365 days. In fitting this model to the aggregated data this model resulted in the best fit k 

of 0.043864 and s of 0.219506. For convenience, these data and descriptions are also provided in 

Table 1 and individual discounting processes are illustrated in Figure 2. 

In comparing the three hypothetical studies, Study A cannot be equated to B or C because 

PB-AUC cannot be directly compared to modeled decision-making. Studies B and C cannot be 
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directly compared because the models themselves differ in both their structure and number of 

parameters. Although ED50 can indeed be used to compare B and C, this would not allow for a 

comparison of Studies B and C to A. Numerical integration MB-AUC for studies B and C allows 

for a comparison of area ratios; however, these would be prone to the error introduced when the 

delay ranges differ between calculations. Fortunately, the exact solution MB-AUC methods can 

be used with Study B and Study C by adopting the minimum and maximum delay values of 

Study A. In this way, the area proportions for these studies are made comparable so long as some 

process of discounting is present. After solving for the exact solution of modeled studies, the PB-

AUC from Study A was 0.6771 while the MB-AUC from Study B and Study C were 0.3854 and 

0.4764, respectively. 

A Novel Synthesis of Delay Discounting Results 

The ability to flexibly represent discounting processes as either fitted functions or area 

ratios offers several new possibilities to applied researchers. First, a robust and easily-adapted 

area measure allows for comparisons that have historically been incomparable. That is, exact 

solutions allow applied researchers to compare measures of decision-making even when analytic 

strategies vary. Further, these methods also facilitate a more robust synthesis of existing 

decision-making research. For example, historical studies can be revisited and directly compared 

to more recent results. This is especially desirable as more advanced modeling practices (e.g., 

Rachlin and Green-Myerson models) are increasingly enlisted over more traditional approaches 

(e.g., Samuelson and Mazur models). Second, exact solutions provide a straightforward way for 

researchers to present their results in multiple ways—which is consistent with recommended 

practices (Mitchell et al., 2015). For example, applied researchers can elect to model individual 
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and group decision-making and then perform exact solutions to calculate a supplemental measure 

of AUC based on their statistical modeling. 

To evaluate the utility of the exact solutions reviewed in this work, simulations and 

demonstrations with existing data were necessary to explore the accuracy and reliability of this 

novel approach. Simulations were performed to validate the applicability of solutions for each of 

the given discounting models with respect to the earlier numerical integration methods. 

Individual computer simulations were developed to evaluate the accuracy and reliability of exact 

solution methods across the several solutions provided and data were extracted from peer-

reviewed studies to compare the results from modeled and empirical AUC calculations. All 

source code and data necessary to recreate the data and analyses of this work have been made 

publicly available and further information is available in the Appendix of this work. This study 

asked the following questions: 1) to what degree do the results from exact solution MB-AUC 

correspond with results from numerical integration MB-AUC overall, 2) to what degree do 

individual solutions related to the results from numerical integration MB-AUC, and 3) does a 

comparison of PB-AUC and MB-AUC derived from existing peer-reviewed studies conform to 

existing predictions regarding clinical and non-clinical populations? 

Methods 

Simulation Study 

Data were simulated to compare results from numerical integration MB-AUC to results 

derived from exact solution MB-AUC across various model candidates. Simulations were 

individually constructed for each of the Exponential, Hyperbolic, Quasi-Hyperbolic, Rachlin, 

and Green and Myerson models (n = 10,000 x 5 = 50,000). Individual simulations were identical 

to that of Franck et al. (2015) and were designed to replicate the numerical integration MB-AUC 
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results used in Gilroy et al. (2018). Simulated series included delays of 1, 7 (1 week), 14 (2 

weeks), 30 (1 month), 183 (6 months), 365 (one year), 1825 (5 years), and 9125 days (25 years). 

Simulated series were based on parameters derived from an existing hypothetical monetary delay 

discounting task (see Franck et al., 2015). Both simulated data as well as the resources necessary 

to replicate them have been openly shared and instructions for obtaining these resources are 

provided in the Appendix. 

Numerical Integration Area 

 Numerical integration MB-AUC was performed using the DMS computer software. The 

DMS computer uses a discounting model selection procedure based on approximate Bayesian 

model selection (see Franck et al., 2015) to identify the most probable discounting model for an 

instance of discounting before performing numerical integration. Numerical integration was 

applied to fitted discounting functions using the autogkintegrate method in the ALGLIB 

programming library (Bochkanov & Bystritsky, 1999). The first and final delays specified the 

upper and lower bounds of the domain, respectively, and the most probable discounting model 

was selected to be function integrated. Once this area was solved, this value was divided by the 

maximum area possible, yielding a ratio of area under the curve to total area. 

Exact Solution Area 

In contrast to numerical integration MB-AUC, exact solutions did not require an iterative 

process. Exact solutions were used following discounting model selection, using delay extremes 

as T1 and T2, respectively, and a maximum value of one. The exact solution method and model 

parameters used were based on the results of nonlinear model-fitting and subsequent discounting 

model selection. Although nearly most solutions did not require specialized methods to perform, 

the Rachlin solution required the use of a hypergeometric function. This function, 2F1(a; b; c; z), 
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is used in solving second-order ordinary differential equations. The hypergeometric function was 

solved in the Python computer programming language using the hyp2f1 method contained in the 

SciPy scientific computing library (Jones et al., 2001), though similar implementations exist in 

other programming languages. Implementations for each of the models included are provided in 

source code form within the Appendix of this paper in several programming languages (i.e., R, 

Python, and Matlab). 

Extracted Study Results 

 A total of five studies comparing the rates of discounting for monetary outcomes in 

smokers and non-smokers were re-analyzed using a combination of PB-AUC and exact solution 

MB-AUC. Individual studies included magnitudes that ranged from $10 to $1,000, though 

individual studies were scaled with respect to their magnitude of rewards. Within the five studies 

included in this comparison, one study used the PB-AUC measure to compare rates of 

discounting (Reynolds et al., 2007), one used Myerson & Green’s Hyperboloid model (Friedel et 

al., 2014), and three studies used Mazur’s Hyperbolic model (Bickel et al., 1999; Mitchell, 1999; 

Reynolds et al., 2004). Several studies included additional groups (e.g., ex-smokers), though 

these groups were not included as part of the smoker vs non-smoker comparisons. In re-analyzed 

studies using exact solution MB-AUC, the models and median fitted parameter(s) were used to 

construct a group-level MB-AUC for each study. Exact solutions were calculated using the range 

of delays targeted in the included PB-AUC study. The PB-AUC study reported PB-AUC using 

the median indifference point at each of the delays sampled. Although the modeled studies 

sampled delays that included 1 day, 1 week, 2 weeks, 1 month, 6 months, 5 years, 10 years, and 

25 years, the PB-AUC study sampled delays of 1, 2, 30, 180, and 365 days. To address the 
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limitations of the PB-AUC measure, the exact solution MB-AUC evaluated the domain of 

changes between 1 and 365 days in all modeled studies. 

Results 

Simulation Results 

 The overall relationship between the two MB-AUC methods is illustrated in Figure 3.  

Wilcoxon Rank Sum Tests indicated that there was not a significant difference between the two 

methods, W = 1.2497x109, p = .95, rho = .99. Formal tests of equivalence were considered 

unnecessary because the results from each method generally matched up to the fifth decimal 

place. At the individual model-level, there were no significant differences found at the individual 

model level for the Noise, W = 6.728 × 105, p = .99, rho = 1, Exponential, W = 3.9214 × 107, p = 

0.99, rho = 1, Hyperbolic, W = 6.0709 × 107, p = 1, rho = 1, Quasi-Hyperbolic, W = 6.0822 × 

107, p = .77, rho = 0.99, Green & Myerson, W = 1.8648 × 107, p = 1, rho = 1, and Rachlin 

models, W = 6.9809 × 107, p = 0.99, rho = 1. The relationships between both methods, at each 

model level, are illustrated in Figure 4. The results of these comparisons indicated that all exact 

solutions for MB-AUC provided results that were essentially identical to those from numerical 

integration methods up to the fifth decimal place. 

Extracted Study Results 

 The results from four modeled discounting studies converted to MB-AUC and one study 

reported using PB-AUC are illustrated in Figure 5. Cast into the same range of delays and metric 

of discounting, these results differentiated clinical populations from non-smoking controls within 

individual studies. A similar trend was also observed overall. The synthesis of these individual 

results revealed that clinical populations demonstrated overall higher levels of discounting (M = 

0.195, SD = 0.106) than controls (M = 0.385, SD = 0.121) when interpreted in aggregate. 
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Discussion 

Despite having generally consistent and established methods for assessing intertemporal 

choice, the analytical strategies used to quantify these data continue to remain largely divergent 

between modeled and empirical approaches. This is limiting in many respects, as the results from 

one analytic strategy are not readily comparable to another. The result of this has been a relative 

paucity of meta-analytic work synthesizing this literature. The purpose of this study was to 

evaluate a method that could serve as an intermediary between modeled and empirical analyses 

and the following questions were posed: 1) to what degree do the results from exact solution 

MB-AUC correspond with results from numerical integration MB-AUC overall, 2) to what 

degree do individual solutions related to the results from numerical integration MB-AUC, and 3) 

does a comparison of PB-AUC and MB-AUC derived from existing peer-reviewed studies 

conform to existing predictions regarding clinical and non-clinical populations? Based on the 

results of this study, both forms of MB-AUC provided consistent area-based representations of 

modeled decision-making. However, the exact solution method for determining MB-AUC did so 

without requiring the data from which the model was generated. This indicates that the solutions 

presented now offer a much easier method for translating modeling fits into area metrics. 

Additionally, the findings from five studies that used different methods to compare delay 

discounting between smokers and non-smoking controls yielded consistent area differences when 

modeled discounting was represented as MB-AUC. 

The exact solution methods are a substantial expansion of numerical integration MB-

AUC for several reasons. First and foremost, exact solution allows for an easy translation of 

fitted discounting processes into area measures. For example, the most commonly-used models 

of discounting can be converted to MB-AUC using nothing more than spreadsheet software or a 
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basic scientific calculator (e.g., Hyperbolic model). Given the relative ease of these calculations, 

exact solution methods may serve as an effective supplement even in studies where modeled 

discounting is the primary analytical plan but additional metrics help communicate the 

discounting process. In doing so, this newer approach may assist researchers in reporting the 

results of their studies using multiple measures (Mitchell et al., 2015). 

Second, exact solution provides an unprecedented opportunity to compare modeled 

discounting processes and empirical area estimates, namely PB-AUC. Following the first point, 

exact solution provides a mathematically-sound method for converting a process of discounting 

directly into an area proportion. In doing so, MB-AUC can serve as an intermediary between two 

historically dichotomous analytical strategies. The knowledge of an exact solution for model area 

may serve to better clarify the historically complex relationships observed between individual 

rate parameters and empirical measures of discounting, such as PB-AUC (Mitchell et al., 2015; 

Yoon et al., 2017). 

Third, exact solution opens new avenues for synthesizing the current research literature. 

That is, exact solution MB-AUC can be performed using the results from published study data, 

thus access to the raw data is not necessary. This is especially important, as many studies rarely 

provide the raw data necessary to determine MB-AUC using a process of model fitting and 

subsequent numerical integration. For example, revisiting MacKillop et al. (2011), exact solution 

allows for a quantitative comparison across various choice measures using a unifying metric of 

AUC. MacKillop et al. could use exact solution to calculate MB-AUC along with PB-AUC and 

present up to 84% of their reviewed studies using an AUC-based measure (i.e., 70% Hyperbolic 

model + 14% PB-AUC). Through the use of a shared measure, future systematic review and 

meta-analysis may be able to better reveal differences that would have otherwise gone unnoticed 
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if studies could not have been directly compared. For example, in the five studies that were 

included in the comparison of PB-AUC and MB-AUC, the smoking group demonstrated higher 

levels of discounting than their control group, but this difference was not as large as observed in 

other studies comparing discounting in smokers and non-smokers. That is, the smokers in 

Mitchell et al. (1999) demonstrated rates of discounting similar to non-smokers in other, similar 

studies. Through the use of a common metric, such as MB-AUC, future research may be better 

equipped to detect differences between individual studies—even when the specific metric differs. 

Limitations of MB-AUC without Model Selection Procedures 

 Although exact solutions for delay discounting models present applied researchers with 

new opportunities for analyzing and synthesizing results from delay discounting analyses, it 

requires noting that converting a fitted model to area is not a panacea for the challenges 

associated with poorly fitting models. Just as one would inspect the quality of data before 

performing model fitting, it is necessary to inspect the quality of the model fit before converting 

to MB-AUC. This is paramount, as the MB-AUC of a poorly fitting model will be no more 

useful than the poorly performing model. For this reason, the MB-AUC measure was first 

introduced as a measure that followed discounting model selection procedures (Franck et al., 

2015). In this way, the best-performing model was selected to be the one from which MB-AUC 

was determined. As such, it is recommended that researchers with access to raw discounting data 

perform model selection procedures so that a range of possible discounting models can be 

considered. In doing so, potential differences between PB-AUC and MB-AUC due to poor 

model fit can be minimized. 

Further study is necessary to better understand the relationship between MB-AUC and 

PB-AUC. Earlier research has described PB-AUC as a sort of saturated segmented model and 
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found that PB-AUC and MB-AUC provide very similar results when MB-AUC is derived from a 

well-performing model (Gilroy & Hantula, 2018). However, given the unique nature of both 

calculations, more study is necessary to better understand how these two area approximations 

represent discounting. That is, further research is necessary to understand how PB-AUC and 

MB-AUC are related when few data points are available, when few model candidates (or just a 

single model) are considered, and when the ranges of delays sampled vary significantly.   



EXACT DISCOUNTING SOLUTIONS 

 

22 

References 

Adams, S., Attwood, A. S., & Munafo, M. R. (2017). Drinking status but not acute alcohol 

consumption influences delay discounting. Hum Psychopharmacol, 32(5), e2617. 

CrossRef. https://doi.org/10.1002/hup.2617 

Ainslie, G. (1975). Specious reward: A behavioral theory of impulsiveness and impulse control. 

Psychological Bulletin, 82(4), 463–496. https://doi.org/10.1037/h0076860 

Ainslie, G. W. (1974). Impulse control in pigeons. J Exp Anal Behav, 21(3), 485–489. PubMed 

Central. https://doi.org/10.1901/jeab.1974.21-485 

Amlung, M. T., Petker, T., Jackson, J., Balodis, I., & MacKillop, J. (2016). Steep discounting of 

delayed monetary and food rewards in obesity: A meta-analysis. Psychological Medicine, 

46(11), 2423–2434. https://doi.org/10.1017/S0033291716000866 

Amlung, M. T., Vedelago, L., Acker, J., Balodis, I., & MacKillop, J. (2017). Steep delay 

discounting and addictive behavior: A meta‐analysis of continuous associations. 

Addiction, 112(1), 51–62. 

Appelhans, B. M., Waring, M. E., Schneider, K. L., Pagoto, S. L., DeBiasse, M. A., Whited, M. 

C., & Lynch, E. B. (2012). Delay discounting and intake of ready-to-eat and away-from-

home foods in overweight and obese women. Appetite, 59(2), 576–584. PubMed Central. 

https://doi.org/10.1016/j.appet.2012.07.009 

Arbuthnott, K. D. (2010). Taking the Long View: Environmental Sustainability and Delay of 

Gratification. Analyses of Social Issues and Public Policy, 10(1), 4–22. CrossRef. 

https://doi.org/10.1111/j.1530-2415.2009.01196.x 



EXACT DISCOUNTING SOLUTIONS 

 

23 

Barlow, P., McKee, M., Reeves, A., Galea, G., & Stuckler, D. (2017). Time-discounting and 

tobacco smoking: A systematic review and network analysis. Int J Epidemiol, 46(3), 

860–869. CrossRef. https://doi.org/10.1093/ije/dyw233 

Barlow, P., Reeves, A., McKee, M., Galea, G., & Stuckler, D. (2016). Unhealthy diets, obesity 

and time discounting: A systematic literature review and network analysis. Obes Rev, 

17(9), 810–819. CrossRef. https://doi.org/10.1111/obr.12431 

Berry, M. S., Nickerson, N. P., & Odum, A. L. (2017). Delay Discounting as an Index of 

Sustainable Behavior: Devaluation of Future Air Quality and Implications for Public 

Health. Int J Environ Res Public Health, 14(9), 997. www.mdpi.com. 

https://doi.org/10.3390/ijerph14090997 

Bickel, W. K., MacKillop, J., Madden, G. J., Odum, A. L., & Yi, R. (2015). Experimental 

manipulations of delay discounting & related processes: An introduction to the special 

issue. J Exp Anal Behav, 103(1), 1–9. CrossRef. https://doi.org/10.1002/jeab.133 

Bickel, W. K., Odum, A. L., & Madden, G. J. (1999). Impulsivity and cigarette smoking: Delay 

discounting in current, never, and ex-smokers. Psychopharmacology (Berl), 146(4), 447–

454. link.springer.com. https://doi.org/10.1007/PL00005490 

Bochkanov, S., & Bystritsky, V. (1999). ALGLIB. http://www.alglib.net 

Borges, A. M., Kuang, J., Milhorn, H., & Yi, R. (2016). An alternative approach to calculating 

Area-Under-the-Curve (AUC) in delay discounting research. J Exp Anal Behav, 106(2), 

145–155. PubMed. https://doi.org/10.1002/jeab.219 

Call, N. A., Reavis, A. R., McCracken, C. E., Gillespie, S. E., & Scheithauer, M. C. (2015). The 

impact of delays on parents’ perceptions of treatments for problem behavior. J Autism 



EXACT DISCOUNTING SOLUTIONS 

 

24 

Dev Disord, 45(4), 1013–1025. link.springer.com. https://doi.org/10.1007/s10803-014-

2257-9 

Carson, R. T., & Roth Tran, B. (2009). Discounting behavior and environmental decisions. 

Journal of Neuroscience, Psychology, and Economics, 2(2), 112–130. CrossRef. 

https://doi.org/10.1037/a0017685 

Chapman, G. B. (2002). Your money or your health: Time preferences and trading money for 

health. Med Decis Making, 22(5), 410–416. PubMed. 

https://doi.org/10.1177/027298902236929 

Chung, S. H., & Herrnstein, R. J. (1967). Choice and delay of reinforcement. J Exp Anal Behav, 

10(1), 67–74. PubMed Central. https://doi.org/10.1901/jeab.1967.10-67 

Critchfield, T. S., & Kollins, S. H. (2001). Temporal discounting: Basic research and the analysis 

of socially important behavior. J Appl Behav Anal, 34(1), 101–122. PubMed Central. 

https://doi.org/10.1901/jaba.2001.34-101 

Dixon, M. R., Marley, J., & Jacobs, E. A. (2003). Delay discounting by pathological gamblers. J 

Appl Behav Anal, 36(4), 449–458. PubMed Central. https://doi.org/10.1901/jaba.2003.36-

449 

Dowdy, A., Hantula, D. A., Travers, J. C., & Tincani, M. (2022). Meta-analytic methods to 

detect publication bias in behavior science research. Perspectives on Behavior Science, 

45(1), 37–52. https://doi.org/10.1007/s40614-021-00303-0 

Dowdy, A., Peltier, C., Tincani, M., Schneider, W. J., Hantula, D. A., & Travers, J. C. (2021). 

Meta-analyses and effect sizes in applied behavior analysis: A review and discussion. 

Journal of Applied Behavior Analysis, 54(4), 1317–1340. 

https://doi.org/10.1002/jaba.862 



EXACT DISCOUNTING SOLUTIONS 

 

25 

Doyle, J. R. (2013). Survey of Time Preference, Delay Discounting Models. Judgment and 

Decision Making, 8(2), 116–135. ideas.repec.org. https://doi.org/10.2139/ssrn.1685861 

Fagerstrøm, A., & Hantula, D. A. (2013). Buy it Now and Pay For it Later: An Experimental 

Study of Student Credit Card Use. The Psychological Record, 63(2), 323–332. 

https://doi.org/10.11133/j.tpr.2013.63.2.007 

Franck, C. T., Koffarnus, M. N., House, L. L., & Bickel, W. K. (2015). Accurate characterization 

of delay discounting: A multiple model approach using approximate Bayesian model 

selection and a unified discounting measure. J Exp Anal Behav, 103(1), 218–233. 

PubMed. https://doi.org/10.1002/jeab.128 

Freeman, J., Kaye, S. A., Truelove, V., & Davey, J. (2017). Age, gender and deterrability: Are 

younger male drivers more likely to discount the future? Accid Anal Prev, 104, 1–9. 

CrossRef. https://doi.org/10.1016/j.aap.2017.03.022 

Friedel, J. E., DeHart, W. B., Madden, G. J., & Odum, A. L. (2014). Impulsivity and cigarette 

smoking: Discounting of monetary and consumable outcomes in current and non-

smokers. Psychopharmacology (Berl), 231(23), 4517–4526. link.springer.com. 

https://doi.org/10.1007/s00213-014-3597-z 

Gilroy, S. (2022). Discountingtools [R]. https://github.com/miyamot0/discountingtools 

Gilroy, S. P., Franck, C. T., & Hantula, D. A. (2017). The discounting model selector: Statistical 

software for delay discounting applications. J Exp Anal Behav, 107(3), 388–401. 

PubMed. https://doi.org/10.1002/jeab.257 

Gilroy, S. P., & Hantula, D. A. (2018). Discounting model selection with area-based measures: A 

case for numerical integration. J Exp Anal Behav, 109(2), 433–449. CrossRef. 

https://doi.org/10.1002/jeab.318 



EXACT DISCOUNTING SOLUTIONS 

 

26 

Gilroy, S. P., & Kaplan, B. A. (2020). Modeling Treatment-Related Decision-Making Using 

Applied Behavioral Economics: Caregiver Perspectives in Temporally-Extended 

Behavioral Treatments. Journal of Abnormal Child Psychology. 

https://doi.org/10.1007/s10802-020-00619-6 

Green, L., & Myerson, J. (2004). A discounting framework for choice with delayed and 

probabilistic rewards. Psychol Bull, 130(5), 769–792. PubMed Central. 

https://doi.org/10.1037/0033-2909.130.5.769 

Hardisty, D. J., & Weber, E. U. (2009). Discounting future green: Money versus the 

environment. J Exp Psychol Gen, 138(3), 329–340. CrossRef. 

https://doi.org/10.1037/a0016433 

Hayashi, Y., Fessler, H. J., Friedel, J. E., Foreman, A. M., & Wirth, O. (2018). The roles of delay 

and probability discounting in texting while driving: Toward the development of a 

translational scientific program. Journal of the Experimental Analysis of Behavior, 

110(2), 229–242. https://doi.org/10.1002/jeab.460 

Hayashi, Y., & Tahmasbi, N. (2020). Decision-making process underlying bystanders’ helping 

cyberbullying victims: A behavioral economic analysis of role of social discounting. 

Computers in Human Behavior, 104, 106157. https://doi.org/10.1016/j.chb.2019.106157 

Hoffman, W. F., Moore, M., Templin, R., McFarland, B., Hitzemann, R. J., & Mitchell, S. H. 

(2006). Neuropsychological function and delay discounting in methamphetamine-

dependent individuals. Psychopharmacology (Berl), 188(2), 162–170. link.springer.com. 

https://doi.org/10.1007/s00213-006-0494-0 



EXACT DISCOUNTING SOLUTIONS 

 

27 

Jarmolowicz, D. P., Lemley, S. M., Asmussen, L., & Reed, D. D. (2015). Mr. right versus Mr. 

right now: A discounting-based approach to promiscuity. Behav Processes, 115, 117–

122. CrossRef. https://doi.org/10.1016/j.beproc.2015.03.005 

Johnson, M. W., Johnson, P. S., Herrmann, E. S., & Sweeney, M. M. (2015). Delay and 

probability discounting of sexual and monetary outcomes in individuals with cocaine use 

disorders and matched controls. PLoS One, 10(5), e0128641. PLoS Journals. 

https://doi.org/10.1371/journal.pone.0128641 

Johnson, P. S., Sweeney, M. M., Herrmann, E. S., & Johnson, M. W. (2016). Alcohol Increases 

Delay and Probability Discounting of Condom-Protected Sex: A Novel Vector for 

Alcohol-Related HIV Transmission. Alcohol Clin Exp Res, 40(6), 1339–1350. CrossRef. 

https://doi.org/10.1111/acer.13079 

Jones, E., Oliphant, T., Peterson, P., & others. (2001). SciPy: Open source scientific tools for 

Python. 

Karakula, S. L., Weiss, R. D., Griffin, M. L., Borges, A. M., Bailey, A. J., & McHugh, R. K. 

(2016). Delay discounting in opioid use disorder: Differences between heroin and 

prescription opioid users. Drug Alcohol Depend, 169, 68–72. PubMed. 

https://doi.org/10.1016/j.drugalcdep.2016.10.009 

Lagorio, C. H., & Madden, G. J. (2005). Delay discounting of real and hypothetical rewards III: 

Steady-state assessments, forced-choice trials, and all real rewards. Behav Processes, 

69(2), 173–187. PubMed. https://doi.org/10.1016/j.beproc.2005.02.003 

Laibson, D. (1997). Golden Eggs and Hyperbolic Discounting. The Quarterly Journal of 

Economics, 112(2), 443–478. CrossRef. https://doi.org/10.1162/003355397555253 



EXACT DISCOUNTING SOLUTIONS 

 

28 

MacKillop, J., Amlung, M. T., Few, L. R., Ray, L. A., Sweet, L. H., & Munafò, M. R. (2011). 

Delayed reward discounting and addictive behavior: A meta-analysis. 

Psychopharmacology, 216(3), 305–321. 

MacKillop, J., Miranda, R., Jr., Monti, P. M., Ray, L. A., Murphy, J. G., Rohsenow, D. J., 

McGeary, J. E., Swift, R. M., Tidey, J. W., & Gwaltney, C. J. (2010). Alcohol demand, 

delayed reward discounting, and craving in relation to drinking and alcohol use disorders. 

J Abnorm Psychol, 119(1), 106–114. PubMed Central. https://doi.org/10.1037/a0017513 

Madden, G. J., Begotka, A. M., Raiff, B. R., & Kastern, L. L. (2003). Delay discounting of real 

and hypothetical rewards. Exp Clin Psychopharmacol, 11(2), 139–145. PubMed. 

Madden, G. J., Francisco, M. T., Brewer, A. T., & Stein, J. S. (2011). Delay discounting and 

gambling. Behav Processes, 87(1), 43–49. PubMed. 

https://doi.org/10.1016/j.beproc.2011.01.012 

Madden, G. J., Raiff, B. R., Lagorio, C. H., Begotka, A. M., Mueller, A. M., Hehli, D. J., & 

Wegener, A. A. (2004). Delay discounting of potentially real and hypothetical rewards: 

II. Between- and within-subject comparisons. Exp Clin Psychopharmacol, 12(4), 251–

261. PubMed. https://doi.org/10.1037/1064-1297.12.4.251 

Mazur, J. E. (1987). An adjusting procedure for studying delayed reinforcement. In Quantitative 

analysis of behavior: Vol. 5. The effect of delay and intervening events on reinforcement 

value (pp. 55–73). Erlbaum. 

McKerchar, T. L., Green, L., Myerson, J., Pickford, T. S., Hill, J. C., & Stout, S. C. (2009). A 

comparison of four models of delay discounting in humans. Behav Processes, 81(2), 

256–259. PubMed Central. https://doi.org/10.1016/j.beproc.2008.12.017 



EXACT DISCOUNTING SOLUTIONS 

 

29 

Mitchell, S. H. (1999). Measures of impulsivity in cigarette smokers and non-smokers. 

Psychopharmacology (Berl), 146(4), 455–464. PubMed. 

Mitchell, S. H. (2019). Linking Delay Discounting and Substance Use Disorders: Genotypes and 

Phenotypes. Perspectives on Behavior Science, 42(3), 419–432. 

https://doi.org/10.1007/s40614-019-00218-x 

Mitchell, S. H., Wilson, V. B., & Karalunas, S. L. (2015). Comparing hyperbolic, delay-amount 

sensitivity and present-bias models of delay discounting. Behavioural Processes, 114, 

52–62. https://doi.org/10.1016/j.beproc.2015.03.006 

Moore, S. C., & Cusens, B. (2010). Delay discounting predicts increase in blood alcohol level in 

social drinkers. Psychiatry Res, 179(3), 324–327. CrossRef. 

https://doi.org/10.1016/j.psychres.2008.07.024 

Myerson, J., Green, L., & Warusawitharana, M. (2001). Area under the curve as a measure of 

discounting. J Exp Anal Behav, 76(2), 235–243. CrossRef. 

https://doi.org/10.1901/jeab.2001.76-235 

Odum, A. L. (2011). Delay discounting: I’m a k, you’re a k. J Exp Anal Behav, 96(3), 427–439. 

PubMed Central. https://doi.org/10.1901/jeab.2011.96-423 

Rachlin, H. (2006). Notes on discounting. J Exp Anal Behav, 85(3), 425–435. PubMed Central. 

https://doi.org/10.1901/jeab.2006.85-05 

Reynolds, B. (2006). A review of delay-discounting research with humans: Relations to drug use 

and gambling. Behav Pharmacol, 17(8), 651–667. PubMed. 

https://doi.org/10.1097/FBP.0b013e3280115f99 



EXACT DISCOUNTING SOLUTIONS 

 

30 

Reynolds, B., Patak, M., & Shroff, P. (2007). Adolescent smokers rate delayed rewards as less 

certain than adolescent nonsmokers. Drug Alcohol Depend, 90(2–3), 301–303. 

www.drugandalcoholdependence.com. https://doi.org/10.1016/j.drugalcdep.2007.04.008 

Reynolds, B., Richards, J. B., Horn, K., & Karraker, K. (2004). Delay discounting and 

probability discounting as related to cigarette smoking status in adults. Behavioural 

Processes, 65, 35–42. PubMed. 

Romanowich, P., Chen, Q., & Xu, S. (2020). Relationships between Driver Errors and Delay 

Discounting in a Simulated Driving Task. Perspectives on Behavior Science, 43(3), 487–

500. https://doi.org/10.1007/s40614-020-00246-y 

Samuelson, P. A. (1937). A Note on Measurement of Utility. The Review of Economic Studies, 

4(2), 155–161. JSTOR. https://doi.org/10.2307/2967612 

Schoenfelder, T. E., & Hantula, D. A. (2003). A job with a future? Delay discounting, magnitude 

effects, and domain independence of utility for career decisions. Journal of Vocational 

Behavior, 62(1), 43–55. CrossRef. https://doi.org/10.1016/s0001-8791(02)00032-5 

Smith, C. L., & Hantula, D. A. (2008). Methodological considerations in the study of delay 

discounting in intertemporal choice: A comparison of tasks and modes. Behav Res 

Methods, 40(4), 940–953. link.springer.com. https://doi.org/10.3758/BRM.40.4.940 

Weidberg, S., González-Roz, A., & Secades-Villa, R. (2017). Delay discounting in e-cigarette 

users, current and former smokers. International Journal of Clinical and Health 

Psychology, 17(1), 20–27. CrossRef. https://doi.org/10.1016/j.ijchp.2016.07.004 

Yoon, J. H., De La Garza, R., 2nd, Newton, T. F., Suchting, R., Weaver, M. T., Brown, G. S., 

Omar, Y., & Haliwa, I. (2017). A comparison of Mazur’s k and area under the curve for 



EXACT DISCOUNTING SOLUTIONS 

 

31 

describing steep discounters. Psychol Rec, 67(3), 355–363. link.springer.com. 

https://doi.org/10.1007/s40732-017-0220-9 

Yoon, J. H., & Higgins, S. T. (2008). Turning k on its head: Comments on use of an ED50 in 

delay discounting research. Drug Alcohol Depend, 95(1–2), 169–172. PubMed Central. 

https://doi.org/10.1016/j.drugalcdep.2007.12.011 

 

  



EXACT DISCOUNTING SOLUTIONS 

 

32 

Appendix 

Exact Solutions for Model Area in Common Delay Discounting Models 
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Note: Solving for the exact area in the case of the Rachlin method requires the use of an ordinary 

hypergeometric function. This operation can be performed using any of numerous free and open-

source statistical and mathematical tools, such as the R or Python programming languages.  
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ED50 Solutions for Common Discounting Models 

 

 

Note: Solutions listed here have been published previously in Franck et al. (2015). These values 

represent the ED50 without any method of transformation yet applied. 

 

Scripts and Program Code for Performing Analyses 

Scripts for performing the exact solution MB-AUC have been prepared for use in the R, 

Python, and Matlab programming languages. Scripts have been written to demonstrate the 

functionality and replicability of these solutions across several free and commercial platforms. 

All scripts have been open-sourced under the General Public License, Version 3.0, and can be 

downloaded from the corresponding author's GitHub page at the following location: 

https://github.com/miyamot0/Exact-Solution-Model-Area  

  

https://github.com/miyamot0/Exact-Solution-Model-Area
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Table 1 

Example of comparative MB-AUC across various delay discounting methods 

 

Case Example Method Parameters Area Measure 

Study A Point-based AUC --- 

 

0.6771 (PB-AUC) 

Study B Mazur Model Fitting k: 0.002357 

 

0.3854 (MB-AUC) 

Study C Myerson-Green Model Fitting k: 0.043864 

s: 0.219506 

0.4764 (MB-AUC) 

 

This table provides the results from the exact solution MB-AUC. The MB-AUC area measure is 

derived from two delays of interest (T1 = 7; T2 = 1825), the maximum value of the commodity 

(A), and the fitted model parameters.  
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Figure 1. Point-based area calculations as a function of delays 

 

 
 

This figure illustrates how area proportions are affected by both the selection of delay values as 

well as the degree of discounting. That is, the area proportions become increasingly smaller due 

to the size and range of the maximum delay points, rather than as a function of the degree of 

discounting.  
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Figure 2. Comparative discounting between studies 

 

 

These plots illustrate how modeled discounting processes can be used to focus on specific delays 

of interests—even if not directly assessed. Using a common delay range, MB-AUC can be 

performed to provide an area proportion that can be compared across modeled (MB-AUC) and 

empirical (PB-AUC) analyses.  
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Figure 3. Relationship between Exact and Numerical Integration Area Overall 

 

 

The overall relationship between the results from numerical integration and exact solution. The 

two methods provide essentially identical results, though the exact solution method provides 

MB-AUC without the need for the source data. 
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Figure 4. Relationship between Exact and Numerical Integration Area by Model  

 

 

These plots depict the relationship between numerical integration and exact solutions for 

calculating MB-AUC. Both methods are specific to model structures and comparisons of the two 

approaches revealed essentially identical results.  
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Figure 5. Combined PB-AUC and MB-AUC Delay Discounting Results 

 

This plot illustrates the relationship between PB-AUC and MB-AUC when MB-AUC is adjusted 

to reflect the delays from the PB-AUC. Sharing the same delay range, the AUC of non-smoking 

controls in five published studies was generally greater than clinical populations even when the 

original study analyses differed.  


